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a b s t r a c t 

The ultimatum game (UG) is a useful game model for investigating the evolution of fairness. In this 

paper, considering the similarity between individuals, we introduce a similarity parameter into the spatial 

UG and focus on the evolution of the average offer and acceptance threshold. Under this mechanism, 

individuals can be either more generous or stingier to those who they are similar to. The simulation 

result shows that the fairness of the system decreases when the strategy is affected by the similarity 

between players. The greater the influence of similarity, the more fairness is decreased. Equal treatment, 

hence, is the best way to obtain fairness. Our results may provide some critical insights into the effect of 

similarity and favoritism on fairness among people. 

© 2019 Published by Elsevier Ltd. 
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. Introduction 

The emergence of fairness among human behaviors is still an

nsolved puzzle [1] and a subject that has been studied for years.

ne useful model addressing this mystery is the ultimatum game

UG) [2–4] . In the UG, two players are asked to divide a certain

mount of money. One player acts as the proposer, who presents

n offer of how to split the money; the other player acts as the

esponder, who decides whether to accept the offer. If the respon-

er chooses to accept the offer, then the money shall be shared as

roposed. Otherwise, neither player gets any money. Obviously, for

ational players, any offer other than zero is better to accept than

othing. Therefore, the optimal strategy of this game should be to

ffer as little as possible as the proposer and accept any nonzero

ffer as the responder. However, human experiments on the UG

ave shown a very different outcome. It has been found that most

eople are willing to propose a fair share, while nearly half of the

esponders reject offers that are less than 30 percent of the total

um [5–8] . Such irrational outcomes have drawn the attention of

ame theorists in years of studies. 
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Many studies have investigated the fairness that arose in the

G. The pioneering work of Page and Nowak investigated the

ffect of spatial structure on fairness in the UG. It was found that

hen interactions are made within certain neighbors instead of

ll populations, a much fairer outcome is achieved, indicating that

patial structure has a significant effect on fairness in an evolu-

ionary UG [9] . Inspired by this finding, a series of works were

onducted on different network structures, such as regular net-

orks [10,11] , complex networks [12–15] and dynamic networks

16–21] . Other important indicators, such as select rate [22,23] ,

take size [24,25] , strategy discreteness [26,27] , imitation accu-

acy [28] and heterogeneous distribution [29–31] , have also been

roven to carry influential weight on a spatial evolutionary UG. 

In most previous studies, a player’s strategy (the offer p , and

he acceptance threshold q ) to different neighbors was always de-

ermined to be a fixed value. However, there have also been works

hat focused on fairness when strategy was affected by certain

actors between different neighbors, such as social attributes. In

act, many works have considered social attributes in the study

f game theory [32–43] . Capraro and Perc studied the mathemat-

cal models for studying certain aspects of moral behavior [44] .

owak et al. developed a model that allowed proposers to adjust

heir p according to information from previous interactions and

onsidered reputation as an influential factor when making offers

45] . Zhang and Fu proposed an intervention mechanism. They

howed the effect of spitefulness and altruism on the p and q of

https://doi.org/10.1016/j.chaos.2019.109494
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Fig. 1. (Color on-line) Average offer ( ̄p ) and acceptance threshold ( ̄q ) as a function 

of x , where x denotes the degree of how much similarity affects the game. Param- 

eters: MCS = 10 6 , N = 10 0 ∗10 0, ε = 0.001. 
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different players, demonstrating that the above two interventions

have opposite effects on the evolution of fairness in the UG [46] . 

In addition to reputation and spitefulness, the similarity

between people can also play a significant role in real-life interac-

tions. For example, studies have shown that people who are from

the same social class are often more similar in aspects such as

the generosity toward others [47] or the willing to take risks [48] .

In this paper, we consider a similarity parameter in the standard

spatial evolutionary UG. We assume that individuals can be either

more generous or stingier to those whom they are similar to. In

these two different situations, p and q between a pair of players

are proportionally adjusted according to how similar they are.

Under such a mechanism, fairness among a spatial network has

presented a quite different evolution process, and some interesting

facts have been found in our research. 

2. Model 

Our model is based on a 100 ∗100 square lattice network with

periodic boundary conditions, where each node is occupied by

a player. Initially, each player i is randomly assigned with three

values, the offer when acting as proposer, p i (0 < p i < 1), the

acceptance threshold when acting as responder, q i (0 < q i < 1), and

the social attribute denoting similarity, s i (0 < s i < 1). The similarity

between players i and j is defined as �s = 

∣∣s i − s j 
∣∣ (0 ≤�s < 1). 

Each player plays with its von Neumann neighbors as both

proposer and responder. With the effect of similarity, the specific

values of p and q in a game where player i proposes an offer to
Fig. 2. (Color on-line) Time evolution of p̄ ( Fig. 2 a) and q̄ ( Fig. 2 b) wi
layer j are set as follows: 

p i j = min 

(
p i ·

2 

1 + e −�s ·x , 1 

)
(1)

 i j = min 

(
q j ·

2 

1 + e �s ·x , 1 

)
, (2)

here x ∈ [ −1 , 1] is the parameter controlling the extent of simi-

arity. With such settings, strategies can be adjusted according to

he similarity between players within a reasonable range. When

 < x ≤ 1, we can obtain p ij > p i and q ij < q j , indicating that players

end to be more generous and tolerant to similar others; when

1 ≤ x < 0 , we can obtain p ij < p i and q ij > q j , indicating that

layers tend to be stingier and stricter to similar others. When

 = 0, we can obtain p ij = p i and q ij = q j , that is, a standard UG

here similarity has no effect. Consequently, the payoff P that

layer i obtains is given by: 

 i = 

∑ 

j∈ �i 

P i j = 

∑ 

j∈ �i 

⎧ ⎪ ⎨ 

⎪ ⎩ 

(1 − p i j ) + p ji , if p i j ≥ q ji and p ji ≥ q i j 

(1 − p i j ) , if p i j ≥ q ji and p ji < q i j 

p ji , if p i j < q ji and p ji ≥ q i j 

0 , if p i j < q ji and p ji < q i j 

(3)

here � represents the von Neumann neighbors of node i . 

Each player then chooses a site from its neighborhood (includ-

ng itself) with the probability proportional to their cumulative

ayoff to inherit its ( p , q ) synchronously in the next time step with

 small mutation [9] . If player i chooses player j for inheritance,

hen 

(p i (t + 1) , q i (t + 1)) = (p j (t) + δp , q j (t) + δq ) , (4)

here δ is a random number from the interval: (−ε , + ε ) [14,20] . 

Each result used in our discussion is obtained by time average

ampled at 10 4 interval from the 10 5 th generation to the 10 6 th

eneration [9] , during which the system has reached equilibrium.

e conduct 50 independent simulations and calculate the mean

alue for each parameter setting. 

. Result and discussion 

In this paper, we focus on how the similarity between players

ffects the evolution of fairness. First, the results of p̄ and q̄ with

ifferent x values are shown in Fig. 1 . Obviously, the variation

n p̄ and q̄ are not monotonous with increasing x . When players

end to be more generous ( x > 0) or stingier ( x < 0) to others due

o the effect of similarity, the fairness of the system weakens

onsequently. Equal treatment between players ( x = 0 ) is hence

he best strategy to obtain fairness. 
th different x . Parameters: MCS = 10 5 , N = 10 0 ∗10 0, ε = 0.001. 
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Fig. 3. (Color on-line) Average α, average β and average payoff ( α + β) of the nodes according to p values for x = -1, x = 0 and x = 1 at time steps t = 1 , t = 10 and t = 200 . 

The p̄ of nodes that have the highest payoff ( p max ) at different time steps for different x are marked with dashed lines in Fig. 3 (g-i). Parameters: N = 100 ∗100, ε = 0.001. 
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To understand the evolution process toward such a result, we

nvestigate the time evolution of p̄ and q̄ for different x . Fig. 2 a

nd 2b show the time evolution of p̄ and q̄ of the system for

 = 1 , x = 0 and x = −1 , respectively. According to Fig. 2 a, p̄ of

 = 1 is lower than standard ( x = 0 ) across the whole evolution

ime, while p̄ of x = −1 go through a short increase at the first

0 generations and then decreases quickly to a level close to the

 = 1 condition. From Fig. 2 b, we can see that q̄ of x = 1 decreases

lower than standard in the first few generations but faster in the

ater generations. However, q̄ of x = −1 decreases faster than the

tandard from the start to the end. 

Later, to further uncover the effect of similarity, we analyze

he payoff distribution at different time steps of the evolution in

ig. 3 . We divide the payoff into two parts: the payoff received as
roposer α and the payoff received as responder β . That is, 

 i = αi + βi = (1 − p ′ i ) · n + 

∑ 

k ∈ℵ i 
p ′ k , (5)

here n denotes the number of successful collaborations when

layer i acts as proposer, and ℵ i represents the neighborhood

hose offers are accepted by player i when it acts as responder,

ith p ′ 
k 

being the money received from each one. According to the

volution rule, strategies that obtain higher payoffs will have more

pportunities to be inherited by the next generation. Therefore,

y observing the p̄ of nodes that have the highest payoff ( p max )

t different time steps, we can understand how p̄ evolves as the

volution proceeds. 
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Fig. 4. A toy model of an evolutionary ultimatum game in a lattice network. Three 

cases of x = 0, x = -1 and x = 1 are shown with specific strategy values. 
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Here, we discuss the two conditions of x = 1 and x = −1 sep-

arately. For x = 1 , the population tends to propose higher p and

hold lower q to other players. Hence, the offer between players

is more likely to be accepted. At the start of the evolution, with

the increase of n and the decrease of (1 − p ′ ) , the variation of

α = n · (1 − p ′ 
i 
) becomes theoretically uncertain. However, we can

see from Fig. 3 a that the peak of α moves slightly left compared

to x = 0 . From Fig. 3 d, β follows a uniform distribution because it

is determined by only the p of a player’s neighbors, not the p of

the player. Take the sum of α and β , that is, the overall payoff.

p max of x = 1 is smaller than that of x = 0 ( Fig. 3 g), which means

that a smaller p takes an advantageous position with the effect of

similarity at the start of the evolution. This phenomenon can also

be seen in the 10th generation ( Fig. 3 h) and the 200th generation

( Fig. 3 i), where p max of x = 1 is always smaller than that of x = 0

(for detailed information, please see Fig. 3 b, c, e, and f). Naturally,

the smaller p max leads the population to a lower p̄ level than the

standard. As x increases, the effect of similarity also increases.

The p max of the system consequently decreases, which results in a

decrease in the p̄ of the system with an increase in x . 

For x = −1 , the population tends to propose lower p and hold

higher q to other players. Hence, the offer between players is more

likely to be rejected. As we can see from Fig. 3 g, p max of x = −1

is larger than that of x = 0 , which means that higher p takes an

advantageous position relying on more successful collaborations

at the start of the evolution. However, with similarity adding an

incremental effect to the q of the population, only very small q

can survive the first few generations and become dominant (See

Fig. 2 b, average q decreases fastest when x = −1 ). Proposers would

have no necessity to propose high offers in this case. Therefore,

compared with the condition of x = 0 , the p max of x = −1 not

only decreases but also decreases faster. By the 10th generation,

p max of x = −1 becomes nearly equal to that of x = 0 ( Fig. 3 h);

by the 200th generation, p max is already smaller than that of

x = 0 ( Fig. 3 i). Thus, this advantage of a smaller p max leads the

population to an equilibrium with a smaller p̄ than the standard

( Fig 2 a). As x decreases, the effect of similarity increases. The p max 

of the system consequently decreases. This makes the p̄ decrease

with the decrement of x . 

To further illustrate the depressing effect of similarity on fair-

ness, we employ a typical toy model to provide a quantitatively ob-

servable analysis. Fig. 4 a shows a snapshot of a standard UG model.

The specific ( p , q ) value of each node is illustrated in the figure.

Here, we focus on four clustering nodes: A, B, C and D. Compared

with the mean value of p and q in the population, we denote the
Table 1 

The specific number of successful splits and payoffs for nodes A, B, 

x = 0, 1 and -1. m denotes the number of successful splits. The ou

(strategy C) can obtain relatively higher payoffs than other strategi

x A (H,L) 

0 proposer m 3 

payoff 0.972 

responder m 3 

payoff 1.958 

total payoff 2.930 

1 proposer m 4 

payoff 0.856 

responder m 4 

payoff 2.634 

total payoff 3.490 

- 

1 

proposer m 1 

payoff 0.433 

responder m 2 

payoff 1.215 

total payoff 1.648 
trategies of A, B, C and D as H ( high ) and L (low ) . If the strategy is

igher than average, we denote it as H; otherwise, we denote it as

. Accordingly, we obtain A ( H , L ), B ( H , H ), C ( L , L ) and D ( L , H ).

imilarity is set to a fixed value, which is the statistical average of

 real network, to simplify the calculation. The specific values of p ′ 
nd q ′ in the above two situations are shown in Fig. 4 b and 4c, and

he corresponding payoffs of the four nodes are shown in Table 1 . 

Consider the content of Table 1 . Compared with the standard

G ( x = 0), the number of successful splits increases when x =
 and decreases when x = -1. For total payoff, we overstrike the
C and D after one round of the game in the toy model when 

tcome indicates that the strategy with lower p and lower q 

es in the presence of similarity ( x = ± 1). 

B (H,H) C (L,L) D (L,H) 

4 1 1 

0.784 0.678 0.742 

1 4 1 

0.817 1.745 0.813 

1.601 2.423 1.555 

4 3 2 

0.216 1.878 1.400 

2 4 1 

1.736 2.029 0.946 

1.952 3.907 2.346 

1 1 1 

0.318 0.730 0.784 

0 4 0 

0 1.463 0 

0.636 2.193 0.784 
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Fig. 5. (Color on-line) p̄ and q̄ as a function of x with similarity taking effect on 

both p and q , p only and q only. Parameters: MCS = 10 6 , N = 10 0 ∗10 0, ε = 0.001. 

h  

t  

o  

w

 

p  

i  

©  

F  

f  

c  

c  

a  

f  

o  

s

 

q  

d  

q  

R  

d  

a  

p  

s  

w  

e

 

s  

H  

o  

i  

w  

A  

a  

w  

F

p

M

ighest splits to emphasize its advantageous position. We can see

hat smaller p and smaller q (strategy C) have been exemplified to

btain relatively higher payoffs in the presence of similarity, both

hen x = 1 and x = −1. 

In former discussions, similarity is set to have an effect on both

 and q . Here, we separate the effect of this factor on p and q

ndependently. We conduct simulations with similarity affecting

1 both p and q 2 © p only and 3 © q only. As we can see from

ig. 5 , the variation in p̄ and q̄ under all three circumstances
ig. 6. (Color on-line) p̄ and q̄ as a function of x when s follows a uniform distribution ( F

ower-law distribution ( Fig. 6 d). It can be observed in the figure that all four distributions

CS = 10 6 , N = 10 0 ∗10 0, ε = 0.001. 
ollow a similar trend of peaking at x = 0 and decline as | x | in-

reases. However, the average p̄ and q̄ values of the solely affecting

ondition (yellow and green line) are higher than those of both

ffecting conditions. That is, the suppressing effect of similarity on

airness does not disappear because of the lack of one affecting

bject, but it weakens to some extent, which makes the result

lightly closer to fairness. 

In the following experiments, we demonstrate the p̄ and

¯ under different distributions of s (note that similarity �s is

efined as | s i − s j | ). As shown in Fig. 6 , the variation in p and

 basically follow the same trend as the distribution changes.

egardless of whether s follows a uniform distribution, a Gaussian

istribution ( f (x ) = 

1 √ 

2 πσ
e 
− (x −μ) 2 

2 σ2 , μ = 0 . 5 , σ 2 = 0 . 02 , 0 < x < 1 ),

n exponential distribution ( f (x ) = λe −λx , λ = 5 , 0 < x < 1 ) or a

ower-law distribution ( f (x ) = cx −α−1 , α = 2 , c = 

1 
50 0 0 , 0 < x < 1 ),

imilarity plays a suppressing role in the fairness of the system,

hich proves that the effect of similarity over fairness in an

volutionary UG is universal. 

The mutation rate used in our research is a maintained con-

tant: ε = 0.001, which is a commonly used value in UG studies.

owever, the mutation rate ε has been proved of having an effect

n the cooperation in PDG [49] and the fairness of UG [9,20,28] . To

llustrate this effect under the specific presence of similarity, here

e display the p̄ with different ε when x = 0, −1 and 1, in Table 2 .

s we can see, with all different mutation rate, similarity causes

 decrease in the fairness of the system both when x = −1 and 1,

hich supports our conclusion. Furthermore, we also validate the
ig. 6 a), a Gaussian distribution ( Fig. 6 b), an exponential distribution ( Fig. 6 c) and a 

 have a similar effect on the decrement of fairness among the network. Parameters: 
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Table 2 

p̄ with various mutation rate ε for x = 0, x = 1 and x = -1. Parameters: 

MCS = 10 6 , N = 10 0 ∗10 0. 

ε x = -1 x = 0 x = 1 

0.01 0.218 0.239 0.171 

0.005 0.215 0.277 0.190 

0.002 0.223 0.317 0.216 

0.001 0.223 0.329 0.228 

Fig. 7. (Color on-line) Average offer ( ̄p ) and acceptance threshold ( ̄q ) as a function 

of x in a Moore lattice network of k = 8. Parameters: MCS = 10 6 , N = 10 0 ∗10 0, ε = 

0.001. 
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robustness of our result in a Moore lattice network with k = 8. The

result, as shown in Fig. 7 , supports our conclusion as well. 

4. Conclusion 

In this paper, we studied how similarity between individuals

affects the evolution of fairness in a spatial ultimatum game (UG).

In our model, the offer ( p ) and the acceptance threshold ( q ) in

a game were affected by the similarity between the two players.

With different values of variate x , one could either be more gen-

erous and tolerant to other players ( x > 0) or stingier and stricter

( x < 0). According to our simulation result, in both situations of

x > 0 and x < 0, the fairness of the system decreased with the effect

of similarity. Equal treatment regardless of similarity ( x = 0 ) was

the best strategy to obtain fairness. To explain this phenomenon,

we presented the time evolution of p̄ and q̄ , followed by a detailed

analysis of the payoff distribution. This explanation was further

supported by a typical toy model, which provided a quantitative

illustration. Moreover, we proved that the depressing effect of

similarity on fairness not only exists when p and q were added si-

multaneously but also when p and q were affected independently.

Furthermore, the effects of different distributions of similarity

and mutation rates were also discussed in this paper. We believe

that our work will explain the studies of fairness among human

societies. 
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